Several new classes of localized solutions to the homogeneous scalar wave and Maxwell's equations have been reported recently. Theoretical and experimental results have now clearly demonstrated that remarkably good approximations to these acoustic and electromagnetic localized-wave solutions can be achieved over extended near-field regions with finite-sized, independently addressable, pulse-driven arrays. We demonstrate that only the forward-propagating (causal) components of any homogeneous solution of the scalar-wave equation are actually recovered from either an infinite-or a finite-sized aperture in an open region. The backward-propagating (acausal) components result in an evanescent-wave superposition that plays no significant role in the radiation process. The exact, complete solution can be achieved only from specifying its values and its derivatives on the boundary of any closed region. By using those localized-wave solutions whose forward-propagating components have been optimized over the associated backward-propagating terms, one can recover the desirable properties of the localized-wave solutions over the extended near-field regions of a finite-sized, independently addressable, pulse-driven array. These results are illustrated with an extreme example-one dealing with the original solution, which is superluminal, and its finite aperture approximation, a slingshot pulse.
INTRODUCTION
Large classes of nonseparable space-time solutions of the equations that govern many wave phenomena (e.g., scalarwave,' 7 Maxwell's, 2 ' 8 and Klein-Gordon 9 equations) have been reported recently. When compared with traditional monochromatic, continuous-wave (cw) solutions, these localized-wave (LW) solutions are characterized by extended regions of localization; i.e., their shapes and/or amplitudes are maintained over much larger distances than are those of their cw analogs. This is also true in complex environments such as naturally dispersive media (waveguides 3 ' 9 1 0 and plasmas") and lossy media. 12" 3 These discoveries have prompted several extensive investigations into the possibility of using these LW solutions to drive finite-sized arrays, thereby launching fields that have extended localization properties.' Pulses with these desirable localized transmission characteristics could have a number of potential applications in the areas of directed energy transmission, secure communications, and remote sensing.
For many idealistic situations, the scalar-wave equation is an adequate model of the underlying physics that govern wave propagation and scattering. To simplify the discussion, it will be the only case considered here. It has been shown 3 ' 4 that exact LW solutions of this equation can be obtained from a representation that uses a decomposition into bidirectional-traveling plane-wave solutions, i.e., solutions formed as a product of forward-and backwardtraveling plane waves. This bidirectional representation is readily connected to one dealing with only distinct sums of forward-and backward-propagating plane waves. It is complete and invertible. The bidirectional representation does not replace the standard Fourier synthesis but rather complements it, especially for the LW class of solutions.
If the LW solutions could be recovered from a finite aperture or array, the above-mentioned applications might be realized in practice. It is well known, however, that many of the LW solutions are composed of both forwardand backward-propagating wave components. 2 161 7 It has been argued1 6 " 7 that this causes grave problems with causality and with the potential realization of systems that take advantage of these LW solutions. One of our main purposes in this paper is to explain how these solutions have been reproduced with a strictly causal Green's function, at least in an approximate sense in the near field of an aperture (array).
As is demonstrated in Section 2, only the forwardpropagating components of any solution of the homogeneous-wave equation are recovered in an open region from an infinite aperture. In analogy with the results of Sherman et al.,'" Devaney and Sherman,' 9 and Zharii, 2 0 it is shown that the remaining backward-propagating components can be represented as a superposition of evanes-cent waves. Explicit comparisons of the contributions from the forward-and the backward-propagating components are made. The finite aperture results pertaining to diffraction lengths, beam spread, etc. have been addressed elsewhere. 2 ' 2 2 It is also demonstrated that the LW solutions can be designed to minimize the contributions from the backward-propagating components and hence that the causal field generated by driving a finite aperture with one of these LW solutions is a demonstrably close approximation to the original solution everywhere within the diffraction length of the initial aperture. This synthesis of the wave-equation solutions in the near field of a finite aperture is discussed in Section 3. The relationship of the present results to those recently reported by Hillion 2 3 is given in Section 4. A class of superluminal LW solutions is considered in Section 5 to emphasize that approximations of these LW solutions can be realized in the near field of a finite aperture. The resulting slingshot pulses exhibit the superluminal and enhanced localization characteristics of the infinite aperture solution in that region. The results of the research presented in this paper are summarized in Section 6.
RECONSTRUCTION OF HOMOGENEOUS, SCALAR-WAVE-EQUATION SOLUTIONS FROM THE HUYGENS REPRESENTATION
A variety of novel classes of solutions of the homogeneous scalar-wave equation (HWE),
have recently been under investigation.'1' 3 These solutions are characterized by their enhanced localization properties; they have been used to drive arrays that result in beams that share these properties. Consider the Huygens representation of a field f(r, t) that is forward propagating into the region z > 0 from initial data given on the plane = {(x, y, z) z = 0}. The resultant field is given by
where R = r -r is the distance between the source point r' and the observation point r. The term in Eq. (2.2a) is defined as
All quantities in brackets in Eq. (2.2b) are evaluated at the indicated retarded time. This representation can be considered as an operation WI that takes the projection of the field f and its derivatives on I to the function g = We[f]. As we discuss in Appendix A, HWE solutions that are foward propagating when they encounter the sphere at infinity will be uniquely reconstructed by this representation, i.e., g Consider now the Fourier-Bessel representation of an axisymmetric (azimuthally symmetric) LW pulse. It can be readily addressed from the bidirectional representation given in Ref. 3 . In particular, it can be expressed in terms of forward-and backward-propagating Bessel beams by the expression 2 f(r, t) = fXdXf dk, jf dAo(, k,, Q)Jo(yp)
The bidirectional spectrum Co(,a,,3) is related to this Fourier spectrum as
Acc untng or he elt fuc ti n co sran i er s o (2.4)
Accounting for the delta function constraint in terms of the variable w, we can rewrite Eq. (2.3) as propagating Bessel beam components. With respect to the possibility of physically generating such solutions from a realistic source configuration, it is of major importance to understand how the Huygens operator WI acts on the forward-and the backward-propagating Bessel beam components of these HWE solutions. This behavior is derived explicitly in Appendix B. One finds that
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This means that the Huygens operator filters out any backward-propagating components, i.e., the backwardpropagating components are superfluous to launching a wave into the region z > 0. Thus only the forwardpropagating component of the LW is reconstructed from the initial data upon an open surface by the causal propagator. If, on the other hand, the observation point were in the region z < 0, then the results of Appendix B show that only the backward-propagating components are recovered by the causal Huygens operator. Thus the exact solution would be reconstructed in a closed region bounded by two infinite planes. One surface would generate the forward-propagating components; the other would generate the backward-propagating components.
The presence of backward-propagating components in the exact LW solutions has led to various statements that suggest "grave difficulties"' 6 7 with the potential physical ing the meaning of the backward-propagating components in terms of evanescent waves in order to make a clear identification of their contributions. We find that the forwardpropagating components are emphasized at the expense of the backward-propagating ones when we increase the fre- 
realization of these solutions. However, as is shown in Refs. 2 and 3, the bidirectional spectra may be chosen to make the amount of the backward-propagating components in the resulting solutions negligible. This "tweaking up" of the spectra to obtain a forward-propagating beam was confirmed in Ref. shows that, if the HWE solution had large backwardpropagating components, it would not be reconstructed well from the initial boundary data, since a large portion of the field would be lost. On the other hand, this result also shows that, if the HWE solution contained a negligible amount of backward-propagating components, the reconstructed function would not be corrupted, and a forwardpropagating beam would result that would exhibit the localization properties of the original HWE solution.
To quantify this ability to design the spectra to one's advantage, we isolate the forward-and the backwardpropagating components and then compare their intensities. We accomplish this isolation process by reinterpretThus one obtains a representation in terms of a superposition of forward-propagating Bessel beams and a superposition over waves that are evanescent in the z direction. Such a decomposition is expected from previous research on representations of scalar-wave fields.
-20
To give an illustrative example of the formalisms above, we consider the azimuthally symmetric focus wave mode (FWM) pulse '-3 :
(2.12)
The real constants k and z are free parameters; their meaning is revealed when we take the Fourier transform of this FWM pulse. As is shown in Ref. 13 or equivalently in Appendix C, one obtains
for co > kc
The indicated transform kernel is chosen to match bidirectional-plane-wave representation (2.3), which emphasizes the exp(+icot) inverse kernel. The parameter A thus characterizes the frequency bandwidth required for the FWM pulse or, equivalently, the square of the number of minimum wavelengths (min = 27rc/Ctomx = 2zo) in the circumference of the circle surrounding its initial waist. This Fourier spectrum [Eq. (2.13)] shows that the asymptotic limit investigated by Heyman et al., 6 where kzo >> 1, is a nonsensical regime for the FWM pulse in that it requires that A < 1 and hence that &)max < 9min. The backward-propagating dominance of the wave propagation in that limit is to be expected, since one is turning the spectrum inside out.
On the other hand, as the bandwidth increases so that A increases, the number of minimum wavelengths within the waist increases. From the calculations presented below, we know that this means that the amount of the backward-propagating components decreases.
In particular, the FWM pulse can be written in the forward-and the backward-propagating form [Eq. (2.7)]:
where H(x) is the Heaviside function. On the other hand, the representation that corresponds to Eq. (2.11) yields the same result:
?+ w(XY, Z t)
Thus we have confirmed that the superposition that corresponds to the backward-propagating waves is equivalent to the superposition that corresponds to the evanescent waves. The relative contributions of fFWM and f_FWM to the FWM pulse can be readily assessed from their peak values along the axis of propagation. Consider the integrals
Note that a change of variables X (zo/ 2 )X was used.
Therefore the ratio between the peak intensities associated with the forward-and the backward-propagating components is
where For the forward-(backward-) propagating terms, the constraints require that > 2k ( < 2k) so that the phase velocity is positive (negative), with magnitude greater than c. At the boundary where X = 2k the phase velocity is infinite, corresponding to a stationary oscillation. On the other hand, the group velocity along the z axis in either case is
These results further confirm the interpretation of the forward-propagating components as being the modes that radiate energy away from the source plane and the backward propagating modes as being the evanescent modes, i.e., the modes that store energy near the source plane. Analogous results are known for simple pulsed sources (see, for instance, Ref. 25, p. 493).
FINITE-APERTURE RECONSTRUCTION OF HOMOGENEOUS SCALAR-WAVE-EQUATION SOLUTIONS
The analysis given in Section 2 is restricted here to the case of a finite aperture. If we use standard arguments 2 ' and assume that the observation point is sufficiently far away from the aperture that for any forward-propagating components [zf] --[a 2 f] a reasonably good approximation of the field generated by driving a circular aperture &I of radius a in the plane z = 0 with the HWE solution f(r,t) is
Thus, if the driving function is a Bessel beam f(r, t) = Jo(yp)exp[-i(kzz -wt)], then one has simply g(rt) ( c +2 i 2 dYa dp'p' Jo4P)
Since for z >> p, z >> p,
one has, approximately, with the standard integral representation of the zeroth-order Bessel function,
x f dp'p'Jo(Xp')exp 
where the remainder term
The second Bessel function controls the transverse variations in the integrand. If wo is the waist of the localized beam, then we need to restrict its argument to values within the range o woa 22 c z to minimize the contributions from the remainder term G. Similarly, the exponential term in the integrand of Eq. (3.7) will also be highly oscillatory, as long as
Therefore, since localization means at least wo 5 a, we find, by combining these constraints, that in the region when the observation point is in the region defined by expression (3.8), i.e., the effective near field of the aperture. In addition, we know that 
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k -k I -2 P Vol. 10, No. 1/January 1993/J. Opt. Soc. Am. A 81 solution on the plane z = 0. Moreover, the propagation terms in this exact result are identical to those encountered in a paraxial or a Fresnel approximation. However, in contrast to Hillion's conclusions, 2 3 Eq. (4.8), which is equivalent to Eq. (4.4), does not answer any issues concerning the causality of the LW solutions of Eq. (2.1); i.e., it does not separate the causal and the anticausal contributions as we have done in Section 2. It simply generates the entire solution from its boundary values on the hypersurface z = 0.
SLINGSHOT SUPERLUMINAL PULSES
The bidirectional representation introduced in Ref. 3 makes use of a factorization of the wave operator in terms of the characteristic light-cone variables = z -ct and q = z + ct. Nonetheless, the HWE and this factorization do not discriminate against pulses whose group speed Vg < c or vg > c. These subluminal or superluminal pulses represent interference patterns that have been constructed from basic building blocks each traveling at the speed of light c. We discuss the superluminal case below; the subluminal case follows in an analogous fashion. Let us consider superluminal solutions of the wave and Maxwell's equations. We first make an analogy with the original description of FWM's as projections onto real space of field solutions that have moving complex source locations.' The field created by an electron moving at a constant speed v along the z axis in a medium of index of refraction n is readily obtained from well-known formulas in free space. 27 28 The scalar and vector Li6nard-Wiechert potentials (in cgs units), (r, t)= q (5.1)
Cm where the speed of light in the medium Cm = c/n and the velocity along the z axis v = v, result in the electromagnetic fields
H(r, t) = X E(r, t). (5.4) Cm
Now let the electron move along the complex z axis displaced from real space by the distance izo so that the source singularity, rather than being at (x, y, z) = (0, 0, vt), is at (x, y, z) = (0,0, vt + izo). The resulting potentials and fields are The resulting two-dimensional basis waves also exhibit infinite energy. If v = c, then the time-derivative term disappears, and one has A f = 0, which requires f to be harmonic in the transverse coordinates so that it must have noncompact support. Thus one can achieve finite energy superluminal pulses only by taking superpositions of any of these basis solutions over their free parameters.
One can write the wave equation in yet another form that specifically isolates the z -vt dependence. Let qj = p/y. Then Eq. (5.9) can be written explicitly in the form The intensity pattern of HWE solution (5.17) with speed v c in a medium with index of refraction n > 1 has the characteristic rabbit-head-shaped pattern of the LW solutions (the center of the pulse being the head, the tail regions the ears). Despite the localization of the intensity, the result [relation (5.18)] indicates that the energy in the ear-shaped regions of this solution diverges logarithmically. Higher-order solutions have energies that diverge algebraically. It is realistic to expect finite energy superpositions of these basis solutions. Transverse electric fields can also be defined simply from the solution 00 by introduction of the alternative vector potential A = 000 and the scalar potential = 0. The electric field is then E =-actA. It is a purely transverse-to-z electric field that now has its maximum in its imaginary component rather than in its real component in the plane z = vt when p = 0. Note that it is different from solution (5.7), which has its longitudinal component nonzero in any plane other than z = t.
In vacuum, the solutions given by Eq. (5.17) strictly have speeds v > c. However, in a medium, the speed can be adjusted to satisfy the standard restrictions c > v > cm.
Superluminal fields, e.g., Cherenkov radiation, are known to exist in a medium. A major difference between the LW solutions (5.17), for instance, and Cherenkov radiation in this velocity regime is the fact that the central peak dominates the field intensity and that there are forward and backward tails rather than just a forward Mach cone. The forward tails are actually in the direction of the Mach cone. Approximate forms of these superluminal waves could in principle be found in a medium. These solutions might be of additional interest to tachyon research and to other potential faster-than-light effects, such as the observed superluminal emission jets from extragalactic radio sources. 2 9 We have made several comparisons of these scalar and electromagnetic superluminal solutions with the other LW's, such as the FWM's. The scalar versions had similar characteristics in that they had intense central peaks and long-lasting tail regions as well as frequency spectra that had a high-pass character to them. The time histories associated with Eq. (5.17) are in general less complex than those associated with the FWM's, e.g.,
With the results of Section 3, the beam generated by driving a finite aperture with the superluminal solutions [Eq. (5.17)] can be characterized.
Driving a circular array of radius a with one of these superluminal HWE solutions that has a waist w when z = t = 0 and a maximum frequency of interest frad, one generates a beam that recovers this solution only in its near field, i.e., for distances given by expression (3. Many other properties of the superluminal pulse are in fact analogous to other LW solutions. This is to be expected, since these HWE solutions are obtainable as superpositions of Bessel beams from their corresponding bidirectional representation, even though they are unidirectional. The bidirectional representation of Eq. 1+V/Cm and the bidirectional representation,
X exp(-iaexp(il3 7 ) )8(aG -X 2 /4), (5.20) yield Eq. (5.17), i.e.,
where the last equivalence has been obtained as above with the assumption that v > cm. Similarly, electron potential (5.1), an inhomogeneous wave-equation solution that is strictly forward propagating, is obtained straightforwardly from the bidirectional spectrum 4 1
+ /c J (5.22) Thus, even though it constructs solutions from products of forward-and backward-traveling plane waves propagating at speed cm, the bidirectional representation can produce unidirectional subluminal and superluminal solutions of the homogeneous and the inhomogeneous scalar-wave equations.
The high-pass filter property of the spectra associated with the HWE pulse solution (5.17) is also a common characteristic. As the waist of the modified-power-spectrum (MPS) pulse 2 is directly related to its lowest and highest frequencies, one finds that the waist of solution (5.17), is related to its highest radian frequency of relevance W 0 max C/Zo. This relation appears to be due to the exponential increase of the spectrum at the lower frequencies in the MPS pulse and to an exponential rolloff in both the MPS and slingshot pulses at higher frequencies. The complete solution is obtained only with an infinite (extremely large in the MPS pulse case, infinite for the FWM) aperture, and it is recovered approximately by a finite aperture in its near field, as discussed above in Section 3. For a finite array, the resulting slingshot pulse beam actually has the same form as the beam that was obtained in the original MPS pulse-driven array experiments:' 4 a rabbithead shape in the near field; a central peak with only lagging tails on the edge of the near-to-far-field boundary; and a spherically expanding beam in the far field. The tails of the beam that is generated by the pulse-driven array replace the sidelobes associated with conventional cw-driven aperture patterns. The decrease in the size of the sidelobes by an increase in the bandwidth is common to beams that are generated by arrays driven with LW solutions.
CONCLUSIONS
We have shown that if an aperture is driven with an arbitrary HWE solution, only the forward-propagating components of that solution can be reconstructed from its values on an open initial-boundary-value surface. An infinite aperture affords one the ability to re-create those components everywhere in the positive half-space; a finite aperture allows one to re-create the components everywhere in the near-field region. Since the initial driving signals in an aperture correspond simply to a set of time histories, the presence of both the positive and the negative values of k. and frequencies c are permitted. The propagator in the Huygens representation, being strictly causal, filters out the acausal components in those regions. Thus, by designing LW solutions with minimal backward propagating components, as was accomplished for the acoustic experiments reported in Refs. 14 and 15, and using them to drive an aperture, one can recreate fields that are remarkably close approximations of those solutions. One can then obtain for application purposes some of the highly desirable localization properties of beams that are generated by driving an array with an ultrawide bandwidth set of pulses, as described in Refs. 21 and 22. Bevensee 3 0 has recently generalized the results we have reported here to LW solutions of Maxwell's equations.
The HWE solution reconstruction results were applied specifically to a class of superluminal beams. The slingshot field that was generated by driving an aperture with one of these solutions is characterized as a moving interference pattern. The intensity of this field has a peak that moves at speeds vg > c, even though its constituent signals are traveling at the characteristic wave speed of the medium. The effect is present in the near field of the aperture; it is lost once the interference pattern reaches the far field.
APPENDIX A: BEHAVIOR OF SOLUTIONS RECONSTRUCTED BY THE HUYGENS REPRESENTATION ON THE HEMISPHERE AT INFINITY
Implicit in the Huygens representation is the behavior of the HWE solution under reconstruction on the sphere at infinity. In the frequency domain this behavior is governed by Sommerfeld's radiation condition. The generalization of that condition to pulse solutions is considered here. Consider Green's theorem:
where X represents the plane z = 0, R., represents the hemisphere at infinity, P is given by Eq. (2.2b), and
where the unit vector R = (r -r')/R and h. is the outwardly pointing unit normal to the surface Ro..
We obtain the Huygens representation [Eqs. (2.2a)] of a HWE solution in the region z > 0 from Eq. (Al), assuming that any contributions from the surface R. are negligible, i.e., that the second integral is zero. In Eq. (Al) we also assume that, everywhere in the region bounded by E and R.,, f and f are zero at t = 0 and f and ajf are continuous.
Mathematically, the Green's representation does not impose any causality condition on the behavior of the HWE solution but allows solutions to come into the region from either surface R. or E. Causality is imposed as an additional constraint on the overall behavior of the solution to make it physically realizable. In the time domain this condition is expressed as a restriction only to outwardpropagating waves on R.. The mathematical representation of this condition is derived as follows: 
Since
R c~ relation (2) can be expressed as 
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fJ dip' jo dp'p' ) for these Bessel beams; i.e., the field scattered from Z cancels the incident field in the source region z < 0 and produces the incident field in the observation region z > 0. 
APPENDIX C: FOURIER TRANSFORM OF THE FOCUS-WAVE-MODE PULSE
